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ABSTRACT 

Strut-and-tie models (STM) or stress field models (SFM) are commonly used methods for 

the dimensioning and design of discontinuity zones of reinforced and prestressed concrete 

structures. These methods are based on the load path of the stress trajectories, and the safety of 

the region is secured by establishing the equilibrium of the entire model. So, a few equilibrated 

models can be proposed for a structural member subjected to a load combination but, since no 

compatibility questions are yet considered, not all provide a good service behaviour. 

Based on the finite element method, Ruiz and Muttoni (2007) presented a new approach 

that covers that question, helping to evaluate and select stress field models for discontinuity 

concrete regions. Therefore, it is possible to analyse the response of the structural member at 

each load increment, helping to establish if the service behaviour of the structure is adequate or 

not. 

Applying non-linear finite element method analysis, this paper intends to evaluate a few 

continuous deep beam models subjected to a uniform load helping to realize how far from the 

elastic trajectories stress field models the designers can go when dimensioning deep beams. 

Some parameters variations are made and the response of the structure, duo to that variation, is 

documented. 

 

Key Words: Strut-and-tie models, Stress Field models, continuous deep beam, service 

behaviour, finite element method 
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1. INTRODUCTION 

The designing and detailing of discontinuity zones with Strut-and-Tie Models (STM) or 

Stress Field Models (SFM) was developed by several authors. Those methods are based on the 

load path of the stress fields developed in the structural members. Schlaich and Muttoni have 

developed some interesting practical guides for the formulation of those methods. They proposed 

some practical rules on the strut, ties and nodes detailing and provided the minimum energy 

approach when choosing the most efficient model. However, there have always been some 

doubts about the service behaviour of those models, especially concerning crack widths. 

Several authors have been developing methods of automatic selection of the best model 

to be adopted in the design of discontinuity zones. Mentioning some of them Bendsoe (1995) 

suggested the ground truss analogy where an n-times statically indeterminate initial strut-and-tie 

model is generated. The model consists by several nodes connected by bars.  Based in the 

minimum energy criteria, those bars are removed until the most efficient solution is found. Kostic 

(2006) and Liang (2000), based on Bendoe´s analogy, proposed different optimization methods 

on the generation of the most efficient model. Vitone (2006) suggested an approach where the 

behavior off the structure in the different load stages is predicted, helping to choose the most 

suitable model for the structure. Lourenço (2010), through the nominated Adaptive Stress Field 

Models, suggested a tool for optimization and selection of the best strut and tie model. 

However, some of the mentioned methods presents certain limitations. Not all of them 

give information on the behaviour at the serviceability limit state and not all of them consider the 

continuity of the concrete. Muttoni and Ruiz (2007) proposed a different approach based on the 

finite element analysis that overcomes most of the limitations of the above mentioned analysis. 

One of the structural typologies that needs strut-and-tie models or stress field models to 

be detailed is the continuous deep beam, which will be studied in this paper. Usually, as predicted 

by many authors, deep beams present some ductility, however it is necessary to evaluate the 

designer´s freedom in their dimensioning. Applying finite element analysis proposed by Muttoni 

and Ruiz (2007), and a computer program developed by Miguel Ferreira (2006), a few continuous 

deep beams subjected to uniform top load models will be analysed, evaluating, for each load 

increment, the structure´s response. Redistribution levels of the deep beam will be analysed by 

variation of some parameters within the different models as the inner level arm and the 

reinforcement level ate de mid span and mid support.  

2. STM SELECTION METHODS 

As mentioned before, the STM are based on the load path of the stress trajectories, so 

there are a few possible STM for the same structure subjected to the same load. As mentioned 

by Schlaich et al (1987), the loads always chose the shortest way leading to shortest deformation. 
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These general criteria is consensual among several authors and helps choosing the most 

adequate model for the structure. It can be formulated by: 

∑ 𝐹𝑖𝑙𝑖𝜖𝑚𝑖 = 𝑀𝑖𝑛 

Where: 

 𝐹𝑖 is the force in strut or tie i; 

 𝑙𝑖 is the length of the member i; 

 𝜖𝑚𝑖 is the mean strain of the member i; 

As mentioned before several authors developed automatic generation of STM with an 

adequate service behaviour (Bendsoe (1996), Vitone (2006), Kostic (2006), Liang (2000) and 

Lourenço (2010)). 

In this paper, for the analyses of the STM of the continuous deep beam it will be used the 

Muttoni and Ruiz (2007)´s  Finite Element (FE) Analyses concept. Using FE it is possible to 

overcome some difficulties of some of the previous cited methods as compatibility and the 

prediction of the behaviour of the structure at serviceability limit state. 

3. FINITE ELEMENT METHOD 

Muttoni and Ruiz´s FE analyses, unlike other more refined ones, requires a limited 

number of physical parameters. Only the resistances and elasticity modules of the materials are 

considered, making the analysis simpler.  

3.1. CONCRETE MODELLING 

It is assumed that the main stress directions are parallel to the main strain directions. 

Therefore, given the strain field, it is possible to obtain the stress field. The tensile strength of the 

concrete is neglected and is assumed an elastic- perfectly plastic response duo to compressions 

(Figure 1).   

 

Figure 1 - (a) concrete element strain; (B) Mohr´s circle and principle strains; (c) directions of principal 
srains; (d) actual and adopted stress-strain response. (Adapted from Muttoni and Fernández, 2007) 

Concrete´s elasticity module (Ec) is considered independent from its transversal strain as 

proposed by Vecchio et al. (1986). The concrete´s compressive strength is given by:  
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Where 𝑓
𝑐
′  is the cylinder compressive strength. Muttoni and Ruiz used on this formulation, 

Hars (2006)  value to the influence of the transverse strain in concrete strength, η(𝜀𝑗): 

η(𝜀𝑗) =
1

0.9 + 30(𝑓
𝑐
′ )

1/3
𝜀𝑗

 

The implementation of the concrete on the FE model is made by CST elements 

(“Constant Strain Triangles”). Those elements present constant deformations on its domain, 

obtained through its displacement field (Figure 2). 

 

Figure 2 - (a) displacement field in element; (b) strain field in element; (c) assumed stress field for principal 
stress i; (d) nodal forces; (e) angle at each node. (Adapted from Muttoni and Ruiz, 2007) 

3.2. STEEL MODELLING 

The steel is modelled considering a uniaxial response and the stress-strain graph shows 

a bilinear behaviour (Figure 3 - c). 

In addition to these considerations, when modeling steel, a phenomenon called “Tension 

Stiffening” is considered. It is a phenomenon defined by the increased stiffness of the shaped 

steel element due to the surrounding concrete. In the cracked area the tension is all supported by 

steel, in the area without cracks there is a distribution of the tensions. In order to take this 

phenomenon into account, the strengths and the areas of the steel and the surrounding concrete 

were considered.  
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Figure 3 - (a) displacement field at element; (b) nodal forces and (c) elastoplastic 
behaviour. (Adapted from Muttoni and Ruiz 2007) 

4. CONTINUOUS DEEP BEAM MODELS  

The continuous deep beam studied in this paper has three spans and a height of 12m in 

order to not limit the level of compressions at the top of the beam. The deep beam has a thickness 

of 0.25m and is subjected to a uniform load of 1000kN/m. The concrete considered is C40/50 and 

the steel A500 (Figure 4). 

In order to reduce the theoretical influence of the lateral span on the central span the 

elastic bend moment at the mid support is equated and the dimensions of the spans are find (6m 

and 7.5m) (Figure 4). 

 

Figure 4 - Geometry of the continuous deep beam in analysis. (Dimensions in meters) 

 

To analyse the designer´s freedom two model categories were developed: One where 

the inner level arm is the same as the elastic stress trajectories (Figure 5) and the variable 

parameter is the amount of steel reinforcement; and the second where the inner level arm at the 

mid span is the same as the inner level arm at the mid supports (z=0.7L) and the variable 
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parameter is also the amount of steel reinforcement. For both categories a few models were 

developed and analysed. To help the evaluation of the models the nomenclature of the models 

refers to the amount of reinforcement calculated at the mid span of the central span, mid support 

and lateral span respectively. (Tables 1 and 2). 

 

Figure 5 - Reference strut and tie model based on the elastic trajectories for a 
continuous deep beam. (Adapted from Lourenço, 2010) 

 

Table 1 – Models based on the elastic inner level arm 

(*) – Less than the minimum refinforcement (ρ=0.2%) 

External 
Reaction Value 

Central 
Span 

Mid 
support 

Lateral Span Nomenclature 

0 0.0As,reff (*) 7.0As,reff 0.0As,reff (*) 0.0-7.0-0.0 

0.2pl 0.0As,reff (*) 6.4As,reff 0.25As,reff 0.0-6.4-0.25 

0.35pl 0.5As,reff 2.6As,reff 0.76As,reff 0.5-2.6-0.25 

Reference Model As,reff As,reff As,reff Reference Model 

0.45pl 1.4As,reff 0.4As,reff (*) 1.3As,reff 1.4-0.4-1.3 

0.5pl 2As,reff 0.0As,reff (*) 1.6As,reff 2.0-0.0-1.6 

 

Table 2 – Models with the same mid supports and mid span inner level arms (z=0.7L) 

(*) – Less than the minimum refinforcement (ρ=0.2%) 

External 
Reaction Value 

Central 
Span 

Mid 
support 

Lateral Span Nomenclature 

0 0.0As,reff (*) 3.8As,reff 0.0As,reff (*) 0.0-3.8-0.0 

0.2pl 0.0As,reff (*) 2.2As,reff 0.25As,reff 0.0-2.2-0.25 

0.4pl As,reff 0.6As,reff (*) As,reff 1.0-0.6-1.0 

0.45pl 1.4As,reff 0.2As,reff (*) 1.3As,reff 1.4-0.2-1.3 

0.5pl 2.0As,reff 0.0As,reff (*) 1.6As,reff 2.0-0.0-1.6 

 

The evaluations of the models are based on the analyses of the stress level in the 

reinforcement bars. Since they are directly related to the crack widths it is possible to understand 

the behaviour of the structure on service loads (0.5<q/qd <0.7). 
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5. CONTINUOUS DEEP BEAM MODELS ASSESSMENT 

5.1. MODELS BASED ON THE ELASTIC INNER LEVEL ARM 

The reference model, as expected, has an adequate service behaviour, with relatively 

low stress levels in the mid support and in the central and lateral mid span steel reinforcement 

sections. As for the other dimensioned models, it should be noted that a small amount of 

reinforcement in the middle support generates high levels of tension in the same area. The same 

happens at the middle of the central and lateral spans. It can be concluded that in these situations 

the models present a bad behaviour in service, leading to considerable crack widths. Can also be 

noted that, for the reference model, the STM calculated presents conservative results, as the 

stresses presented in the following graphics are higher than the results obtained by the FE 

analysis. (Figures 6 to 9). 

 

Figure 6 – Stress level at the central span reinforcement for the models based on the elastic inner arm. 

 

Figure 7 – Average stress at the mid support reinforcement for the models based on the elastic inner arm. 
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Figure 8 - Maximum stress at the mid support reinforcement for the models based on the elastic inner 
arm. 

 

Figure 9 - Stress level at the lateral span reinforcement for the models based on the elastic inner arm. 
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widths (Figures 10-12). 
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Figure 10 – Stress level at the central span reinforcement for the models with the same inner arm 
(z=0.7L). 

 

Figure 11 - Maximum stress ate the mid support reinforcement for the models with the same inner arm 
(z=0.7L). 

 

Figure 12 – Stress level at the lateral span reinforcement for the models with the same inner arm (z=0.7L). 
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6. FINAL REMARKS 

The analysis of the stresses in the steel reinforcement is a tool for analyzing the service 

behaviour of the different STM. In continuous deep beams, the results indicate that a small 

amount of reinforcement in the mid supports generates high stresses in service and possibly large 

crack widths in this area. The same happens if there is a small amount of reinforcement in the 

mid span. It can also be concluded that the STM used for dimensioning of the reference model 

presents conservative results. 

The rise of the inner arm above de mid support generated high stress tensions due to the 

smaller amount of reinforcement needed in that area. Maybe opting to have smaller length 

distribution of the distributed reinforcement, above the mid support, lead to better results. 

Finally, the results demonstrate that big variations from the elastic solution of STM do not 

generate adequate results in service (Table 3). 

Table 3 - Adequate values for the dimensioning of continuous deep beam STM. 

Parameters Models with the elastic 

trajectories inner arms 

Models with the same 

inner arm (z=0.7L) 

External support 

reaction 
0.35pl-0.4pl - 
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